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Abstract
We consider some problems related to the truncation question in
long-range percolation. It is given probabilities that certain long-
range oriented bonds are open; assuming that this probabilities are
not summable, we ask if the probability of percolation is positive when
we truncate the graph, disallowing bonds of range above a possibly
large but finite threshold. This question is still open if the set of ver-
tices is Z2. We give some conditions in which the answer is affirmative.
One of these results generalize the previous result in [Alves, Hilário,
de Lima, Valesin, Journ. Stat. Phys. 122, 972 (2017)].
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1 Introduction
Long-range statistical mechanics models are an old topic that have been
studied for a long time, e.g., [1, 7, 8] and [14] for Ising models or [2, 3] and
[20] for percolation models.
One of the more intriguing questions in long-range percolation is the so-
called truncation question. In words (we will become more formal latter),
this question can be stated as follows: consider a translation-invariant long-
range percolation model that percolates with positive probability. Is the
infinity of range indeed crucial for the occurrence of percolation?
More precisely, let G = (V,E) be a translation invariant graph, where
the set of edges E can be partitioned as E = ∪∞n=1En, where En is the set of
edges of length n. Let (pn)n ∈ [0, 1] be a sequence of parameters. Consider
on this graph an independent bond percolation model where bonds are open
independently, in which each bond e is open with probability p‖e‖, where
‖e‖ is the length of e.
Thus, the probability space that describes this model is (Ω,F , P ), where
Ω = {0, 1}E, F is the canonical product σ-algebra, and P = ∏e∈E µe, where
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µe(ωe = 1) = p‖e‖ = 1−µe(ωe = 0). An element ω ∈ Ω is called a percolation
configuration.
Given a positive integer K, define the truncated sequence (pKn )n as
pKn =
{
pn, if n 6 K,
0, if n > K, (1)
and the truncated measure PK = ∏e∈E µKe , where µKe (ωe = 1) = pK‖e‖ =
1− µKe (ωe = 0).
Then, the truncation question can be restated as: given a sequence (pn)n
where P (0 ↔ ∞) > 0, does there exist a large enough truncation constant
K such that PK(0 ↔ ∞) > 0 ? (Here we are using the standard notation
in percolation where (0 ↔ ∞) means the set of configurations ω ∈ Ω such
that there exists an infinite open path starting from the origin.)
Whenever G = (V,E) is the d-dimensional hypercubic lattice with long
range bonds parallel to the coordinate axes, i.e., V = Zd and En = {〈x, x+
n.~ei〉;x ∈ Zd, i ∈ {1, . . . , d}}, where ~ei is the i-th vector in the canonical basis
of Zd; the truncation question can be placed for summable sequences (pn)n
as well as for non-summable sequences. In the latter case, if ∑n pn =∞ by
Borel-Cantelli Lemma, it follows that P (0↔∞) = 1.
If d = 1, it is an exercise to see that the truncation question has a
negative answer; when d > 3, it was shown in [12] that the truncation
question has an affirmative answer. The case d = 2 is still an open problem
and several works tackled this question adding some extra hypothesis upon
the sequence (pn)n like [5, 12, 13, 19, 22] and [23].
In some of these results, it is shown that limK→∞ PK(0↔∞) = 1, which
is a little stronger than the truncation question. Indeed in any situation, we
have the weak convergence PK ⇒ P when K → ∞, but the Portmanteau
Theorem cannot be applied because the boundary (with respect the product
topology) of the event (0 ↔ ∞) has positive probability concerning the
measure P .
In Section 3, we will give an affirmative answer, for the case d = 2, with
some extra hypothesis that are not contemplated in the papers cited above.
An analogous truncation question can be stated for the q-states Potts
model (see Proposition 2 of [12]). The same answers are valid if the n-
range potential function (φn)n and the long-range percolation parameters
are related by pn = 1−exp(−2βφn)1+(q−1) exp(−2βφn) . In this case, it was shown in [10]
and [11] that the magnetization of the truncated q-states long-range Potts’s
model and the probability of percolation on the long-range processes are
related by inequality
µβ,s
φKn
> 1
q
+ q − 1
q
PK(0↔∞),
where (φn)n is the potential at temperature β.
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When the sequence (pn)n is summable and there is percolation with
positive probability, the truncation question can also be stated. The papers
[21] and [5] are examples where affirmative answers are given. However in
[6], a negative answer was given in the context of the Potts model with
q = 3.
In each section, we will consider the truncation question in a different
type of graph. In Section 2, we study the truncation question on a special
oriented graph, generalizing the result of Theorem 1 of [4].
2 Truncation question on an oriented graph
Let us consider the oriented graph G = (V(G),E(G)). The vertex set is
V(G) = Zd×Z+, elements of V(G) will be denoted (x,m), where x ∈ Zd and
m ∈ Z+. The set E(G) of oriented bonds is
{〈(x,m), (x+ n · ~ei,m+ 1)〉 : x ∈ Zd, m ∈ Z+, i ∈ {1, . . . , d}, n ∈ Z}. (2)
Again, given a sequence (pn)n satisfying
∑
n pn =∞, assume each bond
〈(x,m), (x + n · ~ei,m + 1)〉 is open with probability pn independently of
each other and let P and PK be the non-truncated and truncated at K
probability measures. The event {(0, 0)  ∞} means that there exists an
infinite open oriented path starting from (0, 0).
It was proven in [9], under the hypothesis ∑n pn =∞, that
lim
K→∞
PK{(0, 0) ∞} = 1
for all d > 2. The case d = 1 is an open question and a partial answer was
given in [4], more precisely limK→∞ PK{(0, 0)  ∞} = 1 holds in d = 1
if lim supn→∞ pn > 0. The next theorem improve the result of Theorem 1
of [4] replacing the hypothesis lim supn→∞ pn > 0 by
∑
n p
2
n = ∞ (that is,
some sequences (pn)n decaying to zero are allowed like pn = 1/
√
n).
Theorem 1. For the graph G with d = 1, if the sequence (pn)n satisfies∑
n p
2
n =∞, the truncation question has an affirmative answer. Moreover,
lim
K→∞
PK{(0, 0) ∞} = 1.
Proof. This proof is similar to the proof of Theorem 1 of [4]. It consists of
two parts, the first one is to define a family of special events and the second
part is to couple an exploration processes in an appropriate renormalized
lattice, isomorphic to a subset of Z2+, using ideas of Grimmett and Marstrand
[16].
Our first goal is to define the family of events T+(x,m) and T
−
(x,m) for all
(x,m) ∈ Z × Z+. Define k = min{n; pn > 0}; given any  > 0 define large
enough integers M and K such that
(1− p2k)M < /3 , (3)
3
1− exp
− K∑
i=k+1
p2i
 > (1− 3
) 1
M+1
. (4)
Given a vertex (x,m) ∈ Z × Z+ and i ∈ Z+, we define the following
events:
R+(x,m)(i) = {〈(x,m); (x+i,m+1)〉 and 〈(x+i,m+1); (x,m+2)〉 are open},
R−(x,m)(i) = {〈(x,m); (x−i,m+1)〉 and 〈(x−i,m+1); (x,m+2)〉 are open},
S+(x,m) = ∪Ki=k+1R+(x,m)(i), S−(x,m) = ∪Ki=k+1R−(x,m)(i)
and
L(x,m) = {〈(x,m); (x+k,m+1)〉 and 〈(x+k,m+1); (x+2k,m+2)〉 are open}.
Observe that P (L(x,m)) = p2k; since (R
±
(x,m)(i))i are independent events, we
have that
P (S±(x,m)) = 1− P
(
∩Ki=k+1(R±(x,m)(i))c
)
= 1−
K∏
i=k+1
(1− p2i ) > 1− exp
− K∑
i=k+1
p2i
 > (1− 3
) 1
M+1
, (5)
where in the last inequality we used (4). Now, define our key events T+(x,m)
and T−(x,m) as
T±(x,m) =
(
∩Mi=0S±(x,m+2i)
)⋂(
∩Mi=0S±(x+2k,m+2i)
)⋂(
∪M−1i=0 L(x,m+2i)
)
.
Observing that the events (S±(x,m+2i))i, (S
±
(x+2k,m+2i))i and (L(x,m+2i))i
are independent, we have by (3) and (5) that
P (T±(x,m)) =
(
M∏
i=0
P (S±(x,m+2i))
)
·
(
M∏
i=0
P (S±(x+2k,m+2i))
)
·
(
1− P (∩M−1i=0 (L(x,m+2i))c)
)
>
(
1− 3
)2 (
1− (1− p2k)M
)
>
(
1− 3
)3
> 1− .
It is important to see that all bonds used to define the events T±(x,m) have
length at most K, then PK(T±(x,m)) > 1 −  also for the truncated measure
PK and furthermore
T±(x,m) ⊂ {(x,m) (x,m+ 2(M + 1))} ∩ {(x,m) (x+ 2k,m+ 2(M + 1))}.
(6)
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(x, m+2(M+1)) (x+2k, m+2(M+1))
(x, m) (x+2k, m)
Figure 1: The event T+(x,m) in the graph G. The edges in bold correspond to
the event L..
See Figure 1 for an illustration of event T+(x,m).
For the second part, define a renormalized graph G∗ = (V∗,E∗) (an
oriented graph), where V∗ = {(v, u) ∈ Z2+; v 6 u} and E∗ is the set of
oriented edges E∗ = {〈(v, u), (w, u + 1)〉;w = v or w = v + 1}. In addition,
define in V∗ some arbitrary order ≺, for example: we say that (v1, u1) ≺
(v2, u2) if and only if u1 < u2 or (u1 = u2 and v1 < v2). Given A ⊂ V∗,
define the exterior boundary of A as follows
∂eA = {(v, u) ∈ V∗\A; (v − 1, u− 1) ∈ A or (v, u− 1) ∈ A}.
We will define a random exploration sequence (An, Bn) ⊂ V∗ × V∗. An
exploration of the points reachable from the origin in G under the measure
PK , for K defined in (4), will produce, as its ‘coarse-grained’ counterpart, a
site percolation configuration on G∗. Two important properties will follow
from this coupling, percolation in G∗ will occur with high probability and
percolation in G∗ will imply percolation in G.
The exploration sequence (An, Bn) is defined inductively. Set A0 = B0 =
∅ and (v0, u0) = (0, 0) ∈ V∗, we define (A1, B1) as follows
(A1, B1) =
(A0 ∪ {(0, 0)}, B0), if T
+
(0,0) occurs;
(A0, B0 ∪ {(0, 0)}), otherwise.
Given (An, Bn), if (∂eAn)\Bn = ∅ define (Ai, Bi) = (An, Bn), ∀i > n,
otherwise let (vn, un) be the minimal vertex (with respect to the order ≺)
in (∂eAn)\Bn and define (An+1, Bn+1) as follows
(An+1, Bn+1) =
{
(An ∪ {(vn, un)}, Bn), if E(vn,un) occurs;
(An, Bn ∪ {(vn, un)}), otherwise.
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Where
E(vn,un) =
T
+
(2kvn,2(M+1)un), if vn is even;
T−(2kvn,2(M+1)un), if vn is odd.
Observing that (An)n is a non-decreasing sequence of random sets, we
can define the limit set, A∞ = ∪∞n=1An. The following lemma is the Lemma
1 of [16], rewritten for oriented percolation context, and gives a sufficient
condition for the exploration process to percolate. Remember that in the
definition of T+. or T−. (as well as E.), it is used only edges with length at
most K. Then, in the sequel we can consider the truncated measure PK
instead of P .
Lemma 1. Let porc the oriented percolation threshold in Z2+ and (An, Bn)n
the exploration processes defined above, if for some γ > porc , it holds
PK(Bn+1 = Bn|(Ai, Bi),∀i 6 n) > γ a.s. ∀i ∈ N,
then
PK(#A∞ =∞) > c(γ),
for some constant c(γ) with limγ→1− c(γ) = 1.
Due to the appropriate choice of T+. or T−. , we have that all edges
involved in the definition of E(vn,un) were not revealed in the previous ex-
ploration steps, then
PK ((vn, un) ∈ A∞|(Ai, Bi),∀i 6 n) = PK(E(vn,un)) > 1− . (7)
Furthermore, by (6)
((vn, un) ∈ A∞) ⊂ {(0, 0) (2kvn, 2(M + 1)(un + 1))}
∩ {(0, 0) (2k(vn + 1), 2(M + 1)(un + 1))}.
Thus, the cluster of the origin in G dominates the oriented site percola-
tion on G∗ with parameter 1− . Then, by Lemma 1, we can conclude that
lim
K→∞
PK{(0, 0) ∞} = 1.
Corollary 1. For the graph G with d = 1, we have that
lim
K→∞
PK{(0, 0) ∞} = 1,
if at least one of the hypothesis below holds:
(a) There exists N ∈ N such that ∑n pnpn+N =∞;
(b) lim supN→∞
∑
n pnpn+N > 0.
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Proof. The trivial inequality p2n+p2n+N > 2pnpn+N and hypothesis (a) imply
that ∑n p2n =∞.
Suppose that hypothesis (b) holds, that is lim supN→∞
∑
n pnpn+N =
η > 0. As lim supn→∞ pn > 0 implies that
∑
n p
2
n =∞, we can suppose that
limn→∞ pn = 0; observing that
∞∑
n=1
pnpn+N 6
(
max
n=1+N,...,k+N
pn
) k∑
n=1
pn +
∞∑
n=k+1
p2n, ∀k > 1.
If∑n p2n <∞, we can choose k large enough such that∑∞n=k+1 p2n < η/2.
Fixed k, since limn→∞ pn = 0 it holds that
∞∑
n=1
pnpn+N 6
(
max
n=1+N,...,k+N
pn
) k∑
n=1
pn + η/2 < η, for all N large enough,
which contradicts hypothesis (b), then ∑n p2n =∞.
Remark 1. The hypothesis (a) and (b) above can look strange at first
glance, but as shown in the next section, we will treat with a graph where
we can give an affirmative answer for the truncation question under these
hypotheses but we don’t know if an affirmative answer can be given under
the hypothesis ∑n p2n <∞.
3 Truncation question on a long-range square lat-
tice
In this section, consider an anisotropic version of the graph G. Let
Gan = (Z2,Ean) be the graph whose set of bonds is Ean = Ev∪(∪nEhn), where
Ev = {〈x, x + (0, 1)〉;x ∈ Z2} is the set of nearest neighbor vertical bonds
and Ehn = {〈x, x+ (n, 0)〉;x ∈ Z2} is the set of horizontal bonds with length
n. Given the parameters δ and (pn)n, each bond e is open, independently,
with probability δ or pn, if e belongs to Ev or Ehn, respectively. We continue
denoting by P and PK the non-truncated and truncated at K measures.
Let us remember the H. Kesten result that pv + ph = 1 is the critical
curve for independent anisotropic percolation on the ordinary square lattice
L2 (see [18] or [15]), where vertical and horizontal bonds are open with
probabilities pv and ph, respectively. Indeed, in the next theorem, we will
use the following lemma:
Lemma 2. Consider an independent and anisotropic percolation model on
the square lattice L2 with parameters pv and ph. Given any pv > 0, it holds
that limph→1− Ppv ,ph((0, 0)↔∞) = 1.
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Theorem 2. Consider the anisotropic percolation model on the graph Gan
defined above. Given any δ > 0, if the sequence (pn)n satisfies
∑
n pnpn+N =
∞ for some N > 0, it holds that
lim
K→∞
PK{(0, 0)↔∞} = 1.
Proof. Fixed N > 0 such that ∑n pnpn+N = ∞, given any  > 0 we can
choose integers M1 and M2 satisfying
exp
− M1∑
n=1
pnpn+N
 <  and exp
− M2∑
n=M1+1
pnpn+N
 < .
Given a vertex (x, y) ∈ Z2 and n ∈ Z+, let us define the following events:
E(x,y)(n) = {〈(x, y); (x+ n, y)〉 and 〈(x+ n, y); (x−N, y)〉 are open},
H−(x,y) = ∪M1n=1E(x,y)(n) and H+(x,y) = ∪M2n=M1+1E(x,y)(n).
Observe that the events H±. use bonds with length at most M2 + N ;
therefore taking K = M2+N and by definition ofM1 andM2, we have that
PK(H−(x,y)) = 1− PK(∩M1n=1(E(x,y)(n))c) = 1−
M1∏
n=1
(1− pnpn+N )
> 1− exp
− M1∑
n=1
pnpn+N
 > 1− .
Analogously, it holds the same bound for the probability of H+(x,y).
Now, we will couple a percolation processes in the ordinary square lattice
L2 (with only nearest neighbors non oriented bonds) in the following manner:
given e = 〈(v1, v2); (u1, u2)〉 a bond of L2, define the sequence of events (Xe)e
as follow
Xe =

H−(Nv1,Nv2), if v2 = u2, u1 − v1 = 1 and v1 is even;
H+(Nv1,Nv2), if v2 = u2, u1 − v1 = 1 and v1 is odd;
{〈(Nv1, Nv2); (Nv1, Nv2 + 1)〉 is open }, if v1 = u1 and u2 − v2 = 1.
We declare each bond e of L2 as red if and only if the event Xe oc-
curs. The appropriate choice of the events H−. and H+. ensures that the
events (Xe)e are independent. Thus, bonds in L2 are red following an in-
dependent anisotropic bond percolation, where each vertical bond is open
with probability δ and horizontal bonds are open with probability at least
1 − . It follows from the definition of (Xe)e that an infinite red path
starting from the origin in L2 implies in an infinite open path starting
from the origin in the graph Gan. By Lemma 2, we can conclude that
lim
K→∞
PK{(0, 0)↔∞} = 1.
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The next lemma, due Kalikow and Weiss (see Theorem 2 of [17]), is an
important fact in the proof of our next result. We state it as we will need
later.
Lemma 3. Consider an independent long-range bond percolation model on
the one-dimension graph (Z+, {〈i, j〉; i, j ∈ Z+}) with parameters (pn)n. If∑
n pn = ∞ and gcd{n; pn > 0} = 1, then the random graph on Z+ formed
by open bonds is connected a.s.. Moreover, for all l ∈ Z+ it holds that
limL→∞ P ({0, 1, . . . , l} are connected in {0, 1, . . . , L}) = 1.
Theorem 3. Consider the anisotropic percolation model on the graph Gan.
Given any δ > 0, if the sequence (pn)n satisfies lim supN→∞
∑
n pnpn+N > 0,
it holds that
lim
K→∞
PK{(0, 0)↔∞} = 1.
Proof. Suppose that gcd{n; pn > 0} = 1 and let η > 0 be such that
lim supN→∞
∑
n pnpn+N = 2η. Given any  > 0, choose a large integer `
satisfying [
1− [1− δ2(1− e−η)]`
]
> 1− 3 . (8)
Given x ∈ Z2 and an integer L > 2`, define the following event
Ax(L) = {x+ {0, 1, . . . , 2`} × {0} are connected in x+ {0, 1, . . . , L} × {0}}.
The hypothesis lim supN→∞
∑
n pnpn+N > 0 implies that
∑
n pn =∞, then
by Lemma 3 we can find a large L such that P (Ax(L)) > 1− /3.
Now, choose integers k > 2L and M > L such that
M∑
n=1
pnpn+k > η. (9)
Define the events
R+x = {〈x;x+ (0, 1)〉 and 〈x+ (k, 1);x+ (k, 2)〉 are open}
∩
(
∪Mn=1{〈x+ (0, 1);x+ (n+ k, 1)〉 and 〈x+ (n+ k, 1);x+ (k, 1)〉 are open}
)
and
R−x = {〈x;x+ (0, 1)〉 and 〈x+ (−k, 1);x+ (−k, 2)〉 are open}
∩
(
∪Mn=1{〈x+ (0, 1);x+ (n, 1)〉 and 〈x+ (n, 1);x+ (−k, 1)〉 are open}
)
.
Observe that the events A.(L) and R±. use only bonds whose length is
at most k +M , then taking K = k +M , it follows that
PK(R±x ) = δ2[1−
M∏
n=1
(1− pnpn+k)]
> δ2[1− exp(−
M∑
n=1
pnpn+k)] > δ2(1− e−η) (10)
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(0,0) (2`,0)
(L,0)
(`,0)(h
′,0) (h,0)
(h− k,2) (h′ + k,2)
Figure 2: The event T(0,0) in the graph Gan. The thick segment indicates
that the vertices therein are connected in the interval {0, . . . , L} × {0}.
where in the last inequality we use (9).
Finally, we define the event Tx (see Figure 2) as follows
Tx = Ax(L) ∩ (∪`−1i=0R+x+(i,0)) ∩ (∪2`i=`+1R−x+(i,0)),
then
PK(Tx) > PK(Ax(L)) · PK(∪`−1i=0R+x+(i,0)) · PK(∪2`i=`+1R−x+(i,0))
> (1− 3) · [1− P
K(∩`−1i=0(R+x+(i,0))c)] · [1− PK(∩2`i=`+1(R−x+(i,0))c)]
> (1− 3) · [1− (1− P
K(R+x ))`]2
> (1− 3) ·
[
1− [1− δ2(1− e−η)]`
]2
> 1−  (11)
where in the expression above we are using FKG inequality, the indepen-
dence of (R±x+(i,0))i and (8), respectively.
We will construct a site percolation model on the first quadrant of the
square lattice L2. For each site (v1, v2) ∈ Z2+, we declare the vertex (v1, v2)
as red if and only if the event T(k(v1−v2),2(v1+v2)) occurs. The choice of k > 2L
and the definition of Tx ensures that all sites are red independently; observe
that the path in the event R+x (R−x ) starts in the left (respectively right) half
of the segment x+{0, . . . , 2`}×{0}. By construction, an infinite path of red
sites starting from the origin in L2 implies in an infinite path of open bonds
starting from the origin in Gan. By (11), each site is red with probability at
least 1− ; thus lim
K→∞
PK{(0, 0)↔∞} = 1.
If gcd{n; pn > 0} = d > 1, the same proof can be done, with minor
modifications, replacing the vertex set Z2 by dZ× Z.
Remark 2. The hypothesis of Theorems 2 and 3 are precisely the hypothesis
(a) and (b) of Corolary 1. We finish this paper giving examples of sequences
where (a) holds but not (b) and vice-versa. Consider the sequences:
pn =
{
k−
1
2 , if n = 3k, 3k + 1 for some k,
0, otherwise,
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and
qn =

1
2
√
k−1 , if n ∈ {100k + t3k; t = 1, . . . , 100} for some k,
0, otherwise.
The sequence (pn)n satisfies (a) but not (b), whilst the sequence (qn)n sat-
isfies (b) but not (a).
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